Von einem Ellipsoid habe ich eine Vorstellung, vor einer Kummerschen Fläche nicht; aber durch passende Zeichnungen, durch Modelle oder durch theoretisch geleitete Bewegungen der Phantasie kann ich auch von ihr eine Vorstellung gewinnen.
Introduction
In this paper we are interested in computing the Brauer group of K3 surfaces. To an element of the Brauer-Grothendieck group BrðX Þ of a smooth projective variety X over a number field k class field theory associates the corresponding Brauer-Manin obstruction, which is a closed condition satisfied by k-points inside the topological space of adelic points of X , see [20] , Chapter 5.2. If such a condition is non-trivial, X is a counterexample to weak approximation, and if no adelic point satisfies this condition, X is a counterexample to the Hasse principle. The computation of BrðX Þ is thus a first step in the computation of the Brauer-Manin obstruction on X .
Let k be an arbitrary field with a separable closure k, G ¼ Galðk=kÞ. Recall that for a variety X over k the subgroup Br 0 ðX Þ H BrðX Þ denotes the image of BrðkÞ in BrðX Þ, and Br 1 ðX Þ H BrðX Þ denotes the kernel of the natural map BrðX Þ ! BrðX Þ, where X ¼ X Â k k. In [22] we showed that if X is a K3 surface over a field k finitely generated over Q, then BrðX Þ=Br 0 ðX Þ is finite. No general approach to the computation of BrðX Þ=Br 0 ðX Þ seems to be known; in fact until recently there was not a single K3 surface over a number field for which BrðX Þ=Br 0 ðX Þ was known. One of the aims of this paper is to give examples of K3 surfaces X over Q such that BrðX Þ ¼ BrðQÞ.
We study a particular kind of K3 surfaces, namely Kummer surfaces X ¼ KumðAÞ constructed from abelian surfaces A. Let BrðX Þ n denote the n-torsion subgroup of BrðX Þ. Section 1 is devoted to the geometry of Kummer surfaces. We show that there is a natural isomorphism of G-modules BrðX Þ ! @ BrðAÞ (Proposition 1.3). When A is a product of two elliptic curves, the algebraic Brauer group Br 1 ðX Þ often coincides with BrðkÞ, see Proposition 1.4. Section 2 starts with a general remark on the étale cohomology of abelian varieties that may be of independent interest (Proposition 2.2). It implies that if n is an odd integer, then for any abelian variety A the group BrðAÞ n =Br 1 ðAÞ n is canonically isomorphic to the quotient of H 2 e et ðA; m n Þ G by À NSðAÞ=n Á G , where NSðAÞ is the Néron-Severi group (Corollary 2.3). For any n f 1 we prove that BrðX Þ n =Br 1 ðX Þ n is a subgroup of BrðAÞ n =Br 1 ðAÞ n , and this inclusion is an equality for odd n, see Theorem 2.4. We deduce that the subgroups of elements of odd order of the transcendental Brauer groups BrðX Þ=Br 1 ðX Þ and BrðAÞ=Br 1 ðAÞ are naturally isomorphic.
More precise results are obtained in Section 3 in the case when A ¼ E Â E 0 is a product of two elliptic curves. In this case for any n f 1 we have BrðAÞ n =Br 1 ðAÞ n ¼ Hom G ðE n ; E 0 n Þ= À HomðE; E 0 Þ=n Á G (Proposition 3.3). This gives a convenient formula for BrðX Þ n =Br 1 ðX Þ n when n is odd. See Proposition 3.7 for the case n ¼ 2.
In Section 4 we find many pairs of elliptic curves E, E 0 over Q such that for A ¼ E Â E 0 the group BrðAÞ=Br 1 ðAÞ is zero or a finite abelian 2-group. For example, if E is an elliptic curve over Q such that for all primes l the representation G ! AutðE l Þ F GLð2; F l Þ is surjective, then for A ¼ E Â E we have BrðAÞ ¼ Br 1 . Note that by a theorem of W. Duke [2] most elliptic curves over Q have this property, see the remark after Proposition 4.3.
In Section 5 we discuss the resulting infinitely many Kummer surfaces X over Q such that BrðX Þ ¼ BrðQÞ, see (25)-(29) and Examples 3 and 4. In fact most Kummer surfaces KumðE Â E 0 Þ over Q have trivial Brauer group, see Example A2 in Section 4. We also exhibit Kummer surfaces X with an element of prime order l e 13 in BrðX Þ which is not in Br 1 ðX Þ. Finally, we discuss the Brauer group of Kummer surfaces that do not necessarily have rational points.
In the follow up paper [6] with Evis Ieronymou we give an upper bound on the size of BrðX Þ=Br 0 ðX Þ, where X is a smooth diagonal quartic surface in P 3 Q , and give examples when BrðX Þ ¼ BrðQÞ. The importance of K3 surfaces over Q such that BrðX Þ ¼ BrðQÞ is that there is no Brauer-Manin obstruction, and so the Hasse principle and weak approximation for Q-points can be tested by numerical experiments. It would be even more interesting to get theoretical evidence for or against the Hasse principle and weak approximation on such surfaces.
Picard and Brauer groups of Kummer surfaces over an algebraically closed field
Let k be a field of characteristic zero with an algebraic closure k, and the absolute Galois group G ¼ Galðk=kÞ. Let X be a smooth and geometrically integral variety over k, and let
e et ðX ; G m Þ be the Brauer group of X . For any prime number l the Kummer sequence
gives rise to the exact sequence of abelian groups
and an exact sequence of G-modules
where NSðX Þ is the Néron-Severi group of X . So in this case we have an exact sequence of G-modules
Passing to the projective limit in (2) we obtain an embedding of G-modules
The Néron-Severi group of an abelian variety or a K3 surface is torsion free, so in these cases NSðX Þ is a submodule of H 2 e et
Remark. Let r be the rank of NSðX Þ, and let b 2 be the second Betti number of X . It is known ( [3] , Corollary 3.4, p. 82; [11] We write k½X for the k-algebra of regular functions on X , and k½X Ã for the group of invertible regular functions. We state the following well known fact for future reference. Lemma 1.1. Let X be a smooth and geometrically integral variety over k, and let U H X be an open subset whose complement in X has codimension at least 2. Then the natural restriction maps k½X ! k½U; PicðX Þ ! PicðUÞ; BrðX Þ ! BrðUÞ are isomorphisms.
Proof. The first two statements are clear, and the last one follows from Grothendieck's purity theorem, see [3] , Corollary 6.2, p. 136. r
For an abelian variety A we denote by A n the kernel of the multiplication by n map ½n : A ! A. Let i be the antipodal involution on A, iðxÞ ¼ Àx. The set of fixed points of i is A 2 .
Assume now that A is an abelian surface. Let A 0 ¼ AnA 2 be the complement to A 2 , and let X 0 ¼ A 0 =i. The surface X 0 is smooth and the morphism A 0 ! X 0 is a torsor under Z=2. Let X be the surface obtained by blowing-up the singular points of A=i. Then X can be viewed as a smooth compactification of X 0 ; the complement to X 0 in X is a closed subvariety of dimension 1 which splits over k into a disjoint union of 16 smooth rational curves with self-intersection À2. We shall call X the Kummer surface attached to A, and write X ¼ KumðAÞ.
Let A 0 be the surface obtained by blowing-up the subscheme A 2 in A, and let s : A 0 ! A be the resulting birational morphism. Let p : A 0 ! X be the natural finite morphism of degree 2 ramified at X nX 0 (cf. [14] ). The set A 2 ðkÞ is the disjoint union of G-orbits 
is an isomorphism by Lemma 1.1, and the same is true after the base change from k to k. It follows that the following restriction maps are isomorphisms:
This easily implies that the natural homomorphisms Br 1 ðAÞ ! Br 1 ðA 0 Þ ! Br 1 ðY Þ are isomorphisms. We also obtain isomorphisms
Throughout the paper, we will freely use these isomorphisms, identifying the corresponding groups. Proposition 1.2. Let X 1 H X be the complement to the union of some of the irreducible components of X nX 0 (that is, some of the lines L i ). Then there is an exact sequence
where the sum is over i such that L i H X nX 1 . In particular, the restriction map BrðX Þ ! BrðX 1 Þ induces an isomorphism of the subgroups of elements of odd order. The restriction map BrðX Þ ! @ BrðX 1 Þ is an isomorphism of G-modules. Putting all this into the spectral sequence and using Proposition 1.2 with X 1 ¼ X 0 we obtain an embedding BrðX Þ ,! BrðAÞ. In order to prove that this is an isomorphism, it su‰ces to check that the corresponding embeddings BrðX Þ l n ,! BrðAÞ l n are isomorphisms for all primes l and all positive integers n. It is well known that b 2 ðX Þ ¼ 22, b 2 ðAÞ ¼ 6 and rðX Þ ¼ rðAÞ þ 16, see, e.g., [15] or [14] . From this and the remark before Lemma 1.1 it follows that the orders of BrðX Þ l n and BrðAÞ l n are the same. This finishes the proof. r Remark 1. The same spectral sequence gives an exact sequence of G-modules
where PicðAÞ i is the i-invariant subgroup of PicðAÞ. From (7) we deduce the exact sequence 16 . Thus the discriminant of P is 2 6 , as was first observed in [15] , Lemma 4 on p. 555, see also [14] .
Remark 2. Considering (7) In other words, we have an exact sequence of G-modules
Remark 3. Recall that A 2 acts on X and X 0 compatibly with its action on A by translations, moreover, the morphisms p and s are A 2 -equivariant. Thus the isomorphism ðs Ã Þ À1 p Ã : BrðX Þ ! @ BrðAÞ is also A 2 -equivariant. Since translations of an abelian variety act trivially on its cohomology, the exact sequence (2) shows that the induced action of A 2 on BrðAÞ is trivial. We conclude that the induced action of A 2 on BrðX Þ is also trivial.
Let us now assume that X is the Kummer surface constructed from the abelian surface A ¼ E Â E 0 , where E and E 0 are elliptic curves. For a divisor D we write ½D for the class of D in the Picard group.
Let C H A be a curve, and let p :
This gives a well known isomorphism of Galois modules
where e ¼ E Â f0g and e 0 ¼ f0g Â E 0 , and the G-module HomðE; E 0 Þ is realised inside NSðAÞ as the orthogonal complement to Z½e l Z½e 0 with respect to the intersection pairing.
For a curve C H A we denote by s À1 C H A 0 its strict transform in A 0 (i.e. the Zariski closure of C X A 0 in A 0 ). In particular, if C does not contain a point of order 2 in A, then s À1 C does not meet the corresponding line in A 0 , and hence pðs À1 CÞ does not meet the corresponding line in X .
We write the k-points in E 2 as fo; 1; 2; 3g with the convention that o is the origin of the group law, and similarly for E
2 , are i-invariant, thus there are rational curves s j and l i in X such that p induces double coverings
Let l ij be the line in X corresponding to the 2-division point ði; jÞ A A 2 . Note that s Ã p Ã sends ½s j , ½l i , ½l ij to ½e, ½e 0 , 0, respectively. Finally, let
Consider the following 9-element Galois-invariant subsets of NSðX Þ:
where i and j take all values in f1; 2; 3g. Let N L (resp. N S ) be the subgroup of NSðX Þ generated by L (resp. by S).
, where E and E 0 are elliptic curves, and let X ¼ KumðAÞ.
(ii) We have Br 1 ðX Þ ¼ BrðkÞ in each of the following cases:
E and E 0 are not isogenous over k.
E ¼ E 0 is an elliptic curve without complex multiplication over k.
E ¼ E 0 is an elliptic curve which, over k, has complex multiplication by an order O of an imaginary quadratic field K, that is, EndðEÞ ¼ O, and, moreover, H 1 ðk;
Proof. (i) Relations (3.8) on p. 3217 of [5] easily imply that all 16 classes ½l ij are in
It is easy to deduce that the Kummer lattice P is generated by the 16 classes ½l ij , together with the di¤erences ½s i À ½s j and ½l i À ½l j for all possible pairs ði; jÞ.
A straightforward computation of the intersection pairing shows that the lattice generated by ½ f 1 , ½ f 2 and the classes of 16 lines is freely generated by these elements, and so is of rank 18. This lattice is contained in
for any i and j. It follows from the exact sequence (9) that ðN L l N S Þ=P is a G-submodule of NSðAÞ generated by ½e and ½e 0 . We now obtain (11) from (10).
(ii) If E and E 0 are not isogenous, then HomðE; E 0 Þ ¼ 0. If E ¼ E 0 is an elliptic curve without complex multiplication, then HomðE; E 0 Þ ¼ Z is a trivial G-module. In the last case HomðE; E 0 Þ ¼ O, so in all cases we have H
follows from the long exact sequence of Galois cohomology attached to (11) .
The surface X has k-points, for example, on l oo F P 1 k . This implies that the natural map BrðkÞ ! BrðX Þ has a retraction, and hence is injective. The same holds for the natural map H 
Since PicðX Þ ¼ NSðX Þ, this finishes the proof. r
On étale cohomology of abelian varieties and Kummer surfaces
We refer to [20] , Chapter 2, for a general introduction to torsors.
Let A be an abelian variety over k, and let n f 1. Let T be the A-torsor with structure group A n defined by the multiplication by n map ½n : A ! A. Let ½T be the class of T in H ½T W a ¼ ½a Ã T ¼ 0, then the A-torsor b Ã T under Z=m is trivial. A trivial A-torsor under a finite group is not connected, whereas the push-forward b Ã T is canonically isomorphic to the quotient A=KerðbÞ, which is connected. This contradiction shows that sending a to ½a Ã T defines an injective homomorphism of abelian groups HomðA n ; Z=nÞ ! @ H 1 e et ðA; Z=nÞ. The lemma is proved. r Proposition 2.2. Let A be an abelian variety over k, and let m, n f 1 and q f 0 be integers such that ðn; q!Þ ¼ 1. Then the natural group homomorphism Proof. We break the proof into three steps.
Step 1. Let M be a free Z=n-module of rank d with a basis fe i g 
Step 2. Recall that the cup-product defines a canonical isomorphism We have a natural homomorphism of Z=n-modules
and since the abelian group V q ðA n Þ is a product of copies of Z=n, this is clearly an isomorphism.
Write M ¼ H 1 e et ðA; Z=nÞ and use Lemma 2.1 to identify A n with M Ã . We obtain an isomorphism of Z=n-modules
The cup-product in étale cohomology gives rise to the map
and we denote by
V q ðA n Þ Á G the image of the product of q copies of ½T.
Now (12) says that the isomorphism (13) identifies V q ½T with q! Id V q M .
We have an obvious commutative diagram of G-equivariant pairings, where the vertical arrows are isomorphisms:
The pairing with the G-invariant element V q ½T gives a homomorphism of G-modules
which is q! times the canonical isomorphism Homð V q M Ã ; Z=nÞ ! @ V q M. By assumption q! is invertible in Z=n, so this is an isomorphism of G-modules. Tensoring with the G-module m nm n we obtain an isomorphism of G-modules
Therefore, pairing with V q ½T gives rise to an isomorphism of abelian groups
Step 3. The cup-product in étale cohomology gives rise to the map 
which implies the desired embedding. Now assume that n is odd. We can write
where BrðAÞ þ n (resp. BrðAÞ [6], Theorem 1.4 states that if Y ! X is a finite flat Galois covering of smooth geometrically irreducible varieties with Galois group G, and n is coprime to jGj, then the natural map BrðX Þ n ! BrðY Þ G n is an isomorphism. We apply this to the double covering 
Our first statement follows. The second statement follows from the first one once we note that an element of odd order in BrðX Þ=Br 1 ðX Þ comes from BrðX Þ n for some odd n. r
The case of product of two elliptic curves
We now assume that A ¼ E Â E 0 is the product of two elliptic curves. In this case we can prove the same statement as in Corollary 2.3 but without the assumption on n.
The Kü nneth formula (see [11] , Corollary VI.8.13) gives a direct sum decomposition of G-modules The canonical isomorphism t E : HomðE n ; Z=nÞ ! @ H 1 e et ðE; Z=nÞ from Lemma 2.1 gives an isomorphism of G-modules Using the Weil pairing we obtain a canonical isomorphism 
Let p : A ! E and p 0 : A ! E 0 be the natural projections. The multiplication by n map E ! E defines an E-torsor T with structure group E n . We define the E 0 -torsor T 0 similarly. The pullbacks p Ã T and p 0Ã T are A-torsors with structure groups E n and E 0 n , respectively. Let ½T n ½T 0 be the product of p Ã ½T and p 0Ã ½T 0 under the pairing The following map is defined by the base change from k to k followed by the Kü nneth projector to the primitive subgroup:
Lemma 3.1. We have h x ¼ Id. In particular, h has a section, and hence is surjective.
Proof. We must check that the composed map HomðE n n E 0 n ; Z=nÞ ! H (18) is t E n t E 0 followed by the composed map where the first arrow is p Ã n p 0Ã , and the second one is the cup-product. By [11] , Corollary VI.8.13, the composition of (19) with the Kü nneth projector is the identity, hence the composed map in (18) is t E n t E 0 . r The left vertical arrow is given by the degree map PicðEÞ ! Z. It has a section that sends 1 A Z=n to the class of the neutral element of E in PicðEÞ=n. r
Remark. This shows that if an abelian variety A is a product of elliptic curves, then the condition on n in Proposition 2.2 is superfluous.
Recall that the natural map HomðE; E 0 Þ=n ! HomðE n ; E 0 n Þ is injective [12] , p. 124. Write HomðE; E 0 Þ ¼ Hom G ðE; E 0 Þ for the group of homomorphisms E ! E 0 .
Proposition 3.3. For A ¼ E Â E 0 we have a canonical isomorphism of G-modules
and a canonical isomorphism of abelian groups
Proof. The Kummer sequences for A and A give rise to the commutative diagram 0 ! NSðAÞ=n ! H Using (10) and (17) we rewrite this diagram as follows:
0 ! HomðE; E 0 Þ=n ! HomðE n ; E where the left upward arrow is h, and the downward arrow is x. The second isomorphism of the proposition is a consequence of the commutativity of this diagram. r
Until the end of this section we assume that n ¼ 2 and the points of order 2 of E and E 0 are defined over k, i.e. E 2 H EðkÞ and E Using the Weil pairing the map x gives rise to the map E 2 n E 0 2 ! BrðAÞ 2 whose image maps surjectively onto BrðAÞ 2 . The elements of BrðAÞ 2 obtained in this way can be given by symbols as follows. The curves E and E 0 can be given by their respective equations
where a and b are distinct non-zero elements of k, and similarly for a 0 and b 0 . The multiplication by 2 torsor E ! E corresponds to the biquadratic extension of the function field kðEÞ given by the square roots of ðx À aÞðx À bÞ and xðx À bÞ, see, e.g., [8] , Theorem 4.2, p. 85. We choose e 1 ¼ ð0; 0Þ and e 2 ¼ ða; 0Þ as a basis of E 2 , and e 
We note that the specialisation of any of these algebras at the neutral element of A is 0 A BrðkÞ. By the above, the classes of the algebras (20) in BrðAÞ generate BrðAÞ 2 .
The antipodal involution i sends ðx; yÞ to ðx; ÀyÞ, and ðu; vÞ to ðu; ÀvÞ, hence the Kummer surface X ¼ KumðAÞ is given by the a‰ne equation
We denote by A m; n the class in Br À kðX Þ Á given by the corresponding symbol (20) .
For A ¼ E Â E 0 it is convenient to replace X 0 H X by a larger open subset. Let us denote by E K 2 the set of k-points of E of exact order 2; in other words, E 2 is the disjoint union of f0g and E K 2 . Define W H X as the complement to the 9 lines that correspond to the points of E 
where d m; n A f0; 1g, and b A Br 1 ðW Þ has value zero at Q. It remains to apply (i).
(iii) By part (i) the natural map BrðW Þ 0 ! BrðW Þ is injective, and we have just seen that the latter group is naturally isomorphic to BrðAÞ. Now our statement follows from the first formula of Proposition 3.3. r
We now calculate the residues of the A m; n at the 9 lines of X nW (cf. Proposition 1.2 and its proof). Lemma 3.6. The residues of A a; a 0 , A a; 0 , A 0; a 0 , A 00 , at the lines l 00 , l 0; a 0 , l a; 0 , l a; a 0 , written in this order, are the classes in k Ã =k Ã2 represented by the entries of the following matrix:
For any m A f0; ag and n A f0; a 0 g the product of residues of A mn at the three lines l ij , i 3 0, j 3 0, with fixed first or second index, is 1 A k Ã =k Ã2 .
Proof. We write res ij for the residue at l ij . The local ring O H kðX Þ of l ij is a discrete valuation ring with valuation val : kðX Þ Ã ! Z. For f ; g A Onf0g the residue of ð f ; gÞ at l ij is computed by the following rule: if valð f Þ ¼ valðgÞ ¼ 0, then res ij ðð f ; gÞÞ is trivial, and if valð f Þ ¼ 0, valðgÞ ¼ 1, then res ij ðð f ; gÞÞ is the class in kðl ij Þ Ã =kðl ij Þ Ã2 of the reduction of f modulo the maximal ideal of O. In our case this class will automatically be in k Ã =k Ã2 .
Let us calculate the residues of A 00 ¼ À xðx À bÞ; xðy À b 0 Þ Á . Using the above rule we obtain res 0; a 0 ðA 00 Þ ¼ a 0 ða 0 À b 0 Þ; res a; 0 ðA 00 Þ ¼ aða À bÞ; res a; a 0 ðA 00 Þ ¼ 1:
Using equation (21) and the relation ðr; ÀrÞ ¼ 0 for any r A kðX Þ Ã we can write
The residue of A 00 at l 00 is then the value of Àðx À aÞðy À a 0 Þ at x ¼ y ¼ 0, that is, Àaa 0 . We thus checked the last row of (22) . The residue of A 00 at l 0; b 0 is the class of aðb 0 À a 0 Þ, which shows that the product of residues of A 00 at l 00 , l 0; a 0 and l 0; b 0 is 1. The calculations in all other cases are quite similar. r Question. Is there a conceptual explanation of the symmetry of (22)? Let r be the rank of HomðE; E 0 Þ, and let d be the dimension of the kernel of the homomorphism
given by the matrix ð22Þ.
Proposition 3.7. Let X ¼ KumðE Â E 0 Þ, where E and E 0 are elliptic curves with rational 2-torsion points. Assume one of the conditions of Proposition 1.4 (ii). Then
Proof. This follows from Proposition 3.5 (ii) and (iii), and Lemma 3.6. r
Note that if E ¼ E 0 and d ¼ 1, then EndðEÞ has rank 1, so that E has no complex multiplication over k.
Brauer groups of abelian surfaces
In the rest of this paper we discuss abelian surfaces of the following types:
0 , where the elliptic curves E and E 0 are not isogenous over k.
(B) A ¼ E Â E, where E has no complex multiplication over k.
where E has complex multiplication over k.
Case (A).
In case (A), the Néron-Severi group NSðAÞ is freely generated by the classes E Â f0g and f0g Â E 0 , hence H 2 e et ðA; m n Þ is the direct sum of G-modules NSðAÞ=n l BrðAÞ n , and we have BrðAÞ n ¼ HomðE n ; E 0 n Þ: ð23Þ Proposition 4.1. Let E be an elliptic curve such that the representation of G in E l is a surjection G ! GLðE l Þ for every prime l. Let E 0 be an elliptic curve with complex multiplication over k, which has a k-point of order 6. Then for A ¼ E Â E 0 we have BrðAÞ G ¼ 0.
Proof. Since BrðAÞ is a torsion group it is enough to prove that for every prime l we have BrðAÞ
By assumption E 0 has complex multiplication by some imaginary quadratic field K. Thus there exists an extension k 0 =k of degree at most 2 such that the image of Galðk=k 0 Þ in AutðE 0 l Þ is abelian. Thus the image of G in AutðE 0 l Þ is a solvable group. We note that for l f 5 the group GLð2; F l Þ is not solvable. This implies that E has no complex multiplication over k. It follows that E and E 0 are not isogenous over k.
The G-module E l is simple, hence any non-zero homomorphism of G-modules E l ! E 0 l must be an isomorphism. This gives a contradiction for l f 5. If l ¼ 2 or l ¼ 3, the curve E 0 has a k-point of order l, so that E 0 l is not a simple G-module, which is again a contradiction. r 
Example (A2).
Here is a somewhat di¤erent construction for case (A), again over k ¼ Q. Let us call a pair of elliptic curves ðE; E 0 Þ non-exceptional if for all primes l the image of the Galois group G ¼ GalðQ=QÞ in AutðE l Þ Â AutðE 0 l Þ is as large as it can possibly be, that is, it is the subgroup of GLð2; F l Þ Â GLð2; F l Þ given by the condition
For example, let E be the curve y 2 þ y ¼ x 3 À x of conductor 37, and let E 0 be the curve
The curve E has multiplicative reduction at 37, whereas E 0 has good reduction, therefore E and E 0 are not isogenous over Q. By [18] , the remark on page 329, the pair ðE; E 0 Þ is non-exceptional. In fact, most pairs ðE; E 0 Þ are nonexceptional in a similar sense to the remark after Proposition 4.3 (Nathan Jones, see [7] 
Proof. Since jðEÞ is not a 5-adic integer, E has potential multiplicative reduction at 5. But E 0 has good reduction at 5, so E and E 0 are not isogenous over Q.
Let p ¼ 5. Our assumption implies that there exists a Tate curveẼ E over Q p such that E Â Q Q p is the twist ofẼ E by a quadratic or trivial character
Consider the case when l 3 5. Let K be the extension of Q p defined as follows: if w is trivial or unramified, then K ¼ Q p , and if w is ramified, then K H Q p is the invariant subfield of KerðwÞ. Let p be the maximal ideal of the ring of integers of K. We note that in both cases the residue field of K is F p .
SinceẼ E is a Tate curve, the l-torsionẼ E l contains a Galois submodule isomorphic to m l . Then the quotientẼ E l =m l is isomorphic to the trivial Galois module Z=l. Hence there is a basis of E l such that the image of GalðQ p =KÞ in AutðE l Þ F GLð2; F l Þ is contained in the subgroup of upper-triangular matrices. Let q E be the multiplicative period ofẼ E. Since val p ðq E Þ ¼ Àval p À jðEÞ Á is not divisible by the odd prime l, the image of the inertia group I ðpÞ in AutðE l Þ contains Id þ N for some nilpotent N 3 0, see [17] , Chapter IV, Section 3.2, Lemma 1. Thus E l has exactly one non-zero GalðQ p =KÞ-invariant subgroup C 3 E l . As a GalðQ p =KÞ-module, C is isomorphic to m l if K 3 Q p , and to m l twisted by the unramified character w if K ¼ Q p . The GalðQ p =KÞ-module E l =C is isomorphic to Z=l if K 3 Q p , and to Z=l twisted by w if K ¼ Q p . In particular, the GalðQ p =KÞ-modules C and E l =C are isomorphic if and only if K contains a primitive l-th root of unity.
Suppose that there exists a non-zero homomorphism of GalðQ p =KÞ-modules f : E l ! E 0 l . Since E 0 has good reduction at p, the inertia I ðpÞ acts trivially on E 0 l ; in particular f is not an isomorphism. Then KerðfÞ ¼ C, and E 0 l contains a GalðQ p =KÞ-submodule isomorphic to Z=l (when w is ramified) or Z=l twisted by w (when w is unramified or trivial). In the first case let E 00 ¼ E 0 , and in the second case let E 00 be the quadratic twist of E 0 by w. Then E 00 ðKÞ contains a point of order l, so that E 00 ðKÞ contains a finite subgroup of order 4l. Since E 0 has good reduction at p, the curve E 00 also has good reduction at p. Then the group of F 5 -points on the reduction has at least 12 elements, which contradicts the Hasse bound, according to which an elliptic curve over F p cannot have more than p þ 2 ffiffi ffi p p þ 1 points, see [8] .
It remains to consider the case l ¼ 5. The above arguments work equally well with p ¼ 7. We obtain a contradiction with the Hasse bound since no elliptic curve over F 7 can contain as many as 4l ¼ 20 rational points.
The last statement of (i) follows from formula (23) . r Example (A3). The curve E in this proposition can be any curve with equation y 2 ¼ xðx À aÞðx À bÞ, where a and b are distinct non-zero integers such that exactly one of the numbers a, b, a À b is divisible by 5, exactly one is divisible by 7, and none are divisible by 25 or 49 
Case (B). In case (B), the group NSðAÞ is freely generated by the classes of the curves E Â f0g, f0g Â E and the diagonal. The image of the class of the diagonal under the map NSðAÞ ! EndðEÞ ! EndðE n Þ is the identity, hence Proposition 3.3 gives an isomorphism of Galois modules
where Z=n is the subring of scalars in EndðE n Þ.
Remark. Let A ¼ E Â E, where E is an elliptic curve without complex multiplication over k, such that the image of G in AutðE 2 Þ is GLð2; F 2 Þ. It is easy to check that BrðAÞ Proof. The curve E has no complex multiplication because jðEÞ is not an algebraic integer. Let l be an odd prime, l 3 p ¼ 5, and let f be a non-zero endomorphism of the G-module E l such that TrðfÞ ¼ 0. From the proof of Proposition 4.2 we know that there exists a nilpotent N 3 0 in EndðE l Þ such that the image of I ðpÞ in AutðE l Þ contains Id þ N. Since f is an endomorphism of the I ðpÞ-module E l , it commutes with N, and it follows from TrðfÞ ¼ 0 that f is also nilpotent. As was explained in the proof of Proposition 4.2, the existence of such an endomorphism f implies that GalðQ p =KÞ-modules Z=l and m l are isomorphic. However, K does not contain non-trivial roots of 1 of order l when p ¼ 5 and l 3 5 is odd, because the residue field of K is F 5 . This contradiction shows that End G ðE l Þ is the subring of scalars Z=l H EndðE l Þ. If l ¼ 5 we repeat these arguments with p ¼ 7 taking into account that Q 7 , and hence K, does not contain non-trivial 5-th roots of 1. r Example (B1). Let A ¼ E Â E, where E=Q is an elliptic curve such that the representation of G in E l is a surjection G ! GLðE l Þ for every odd prime l. Then E has no complex multiplication over Q (see the proof of Proposition 4.1). Then BrðAÞ
This assumption holds in the following examples which have the additional property that the 2-torsion of E is rational, i.e., E 2 H EðQÞ. For example, one can consider the curve y 2 ¼ ðx À 1Þðx À 2Þðx þ 2Þ of conductor 24, or the curve y 2 ¼ ðx þ 1Þðx þ 2Þðx À 3Þ of conductor 40. The computation of residues shows that in each of these two cases we have BrðX Þ ¼ BrðQÞ for X ¼ KumðE Â EÞ (see Example 4 in the next section).
Case (C). Lastly, we would like to consider the case when A ¼ E Â E, where E is an elliptic curve with complex multiplication. Theorem 4.6. Let E be an elliptic curve over Q with complex multiplication, and let l be an odd prime such that E has no rational isogeny of degree l, i.e., E l does not contain a Galois-invariant subgroup of order l. Let G l be the image of G ¼ GalðQ=QÞ in AutðE l Þ. Then G l is nonabelian, the order jG l j is not divisible by l, and the centralizer of G l in EndðE l Þ is F l ¼ Z=l.
The theorem remains true if one replaces Q by any real number field (with the same proof).
Proof of Theorem 4.6. Suppose that E has complex multiplication by an order O of an imaginary quadratic field K, that is, EndðEÞ ¼ O. We start with the observation that l is unramified in O, or, equivalently, the 2-dimensional F l -algebra O=l H EndðE l Þ has no nilpotents. Indeed, if the radical of O=l is non-zero, it is an F l -vector space of dimension 1, and so is spanned by one element. Its kernel in E l is a Galois-invariant cyclic subgroup of order l. We assumed that such subgroups do not exist, so this is a contradiction.
Therefore, O=l is either F l l F l or the field F l 2 . In the first case ðO=lÞ Ã is a split Cartan subgroup of order ðl À 1Þ 2 , whereas in the second case it is a non-split Cartan subgroup of order l 2 À 1, so that l does not divide jðO=lÞ Ã j. On the other hand, the image of GalðQ=KÞ in AutðE l Þ commutes with the Cartan subgroup ðO=lÞ Ã , and so belongs to ðO=lÞ Ã . Since GalðQ=KÞ is a subgroup of G of index 2, we conclude that the order of G l divides 2jðO=lÞ
Ã j and so is not divisible by l.
The group G l contains an element c corresponding to the complex conjugation. Any z A OnlO such that TrðzÞ ¼ 0 anticommutes with complex conjugation. Since l is odd, the non-zero image of z in O=l anticommutes with c. Thus c is not a scalar; in particular, c has exact order 2. If G l is abelian, then both eigenspaces of c in E l are Galois-invariant cyclic subgroups of order l, but these do not exist. This implies that G l is nonabelian.
Finally, the absence of Galois-invariant order l subgroups in E l implies that the G l -module E l is simple, so the centralizer of G l in EndðE l Þ is F l . r Corollary 4.7. Let A ¼ E Â E, where E is an elliptic curve over Q with complex multiplication, and let l be an odd prime such that E has no rational isogeny of degree l. Then BrðAÞ
